Abstract. We construct a variant of Karoubi's relative Chern character for smooth, separated schemes over the ring of integers in a p-adic field and prove a comparison with the rigid syntomic regulator. For smooth projective schemes we further relate the relative Chern character to theétale p-adic regulator via the Bloch-Kato exponential map. This reproves a result of Huber and Kings for the spectrum of the ring of integers and generalizes it to all smooth projective schemes as above.
Introduction
If A is a Banach algebra one can view it as an abstract ring and consider its algebraic K-theory or one can take the topology into account and then consider its topological K-theory. There is a natural map from the former to the latter and so one can form the homotopy fibre of this map giving the relative K-theory. Karoubi's relative Chern character [30, 31, 15 ] is a homomorphism K rel i (A) → HC i−1 (A) mapping relative K-theory to continuous cyclic homology. It was an idea of Karoubi [29, 30] that the relative Chern character could be used for the construction of regulators. In accordance with this idea Hamida [23] established, for A = C the field of complex numbers, a precise relation between the relative Chern character and the Borel regulator [9] K 2n−1 (C) → C.
Karoubi's construction works equally well in the case of ultrametric Banach algebras and building on previous work by Hamida [24] we proved in [39] the p-adic analogue of the above result giving the precise relation of the relative Chern character with the p-adic Borel regulator introduced by Huber and Kings [27] . Changing perspective, let X be a smooth variety over C. Again we have the algebraic K-theory of X but we can also consider the topological K-theory of the complex manifold associated to X. It is natural to ask for a generalization of the previous results to this situation. Here the analogue of the cyclic homology groups are the quotients of the de Rham cohomology by the Hodge filtration and Borel's regulator is replaced by Beilinson's regulator mapping algebraic K-theory to Deligne-Beilinson cohomology. In this setup we proved a comparison between the relative Chern character and Beilinson's regulator in [41] .
It is the goal of the present paper to prove the p-adic analogue of this result. So let R be a complete discrete valuation ring with field of fractions K of characteristic 0 with finite residue field of characteristic p and consider a smooth R-scheme X. The p-adic analogue of Beilinson's regulator is the rigid syntomic regulator introduced by Gros [20] and developed systematically by Besser [7] . We introduce topological and hence relative K-theory of X and relative cohomology groups H * rel (X, n) mapping naturally to the rigid syntomic cohomology groups. These are the target of the relative Chern character in this situation. Our main result is Theorem. Let X be a smooth R-scheme and i > 0. The diagram
If X is proper the lower horizontal map is in fact an isomorphism and both groups are given by H 2n−i−1 dR (X K /K)/F n H 2n−i−1 dR (X K /K) as in the classical case. Moreover, for X projective, Parshin's conjecture would imply that also the upper horizontal map is rationally an isomorphism.
One of the possible advantages of this approach to the syntomic regulator is that Karoubi's constructions give quite explicit formulas. For instance, in the case X = Spec(R), these have been used in the comparison of Karoubi's regulator with the p-adic Borel regulator [39] and in computer calculations by Choo and Snaith [14] .
Let me indicate another possible application: One can also define topological and hence relative K-theory of K-schemes using the associated rigid space and the techniques of this paper give a relative Chern character K rel i (X K ) → H 2n−i−1 dR (X K /K)/F n . If X is a smooth and proper R-scheme there is a natural map K rel * (X) → K rel * (X K ) and the relative Chern character for X factors through the relative Chern character of X K . Hence, assuming Parshin's conjecture, for X smooth and projective, the relative Chern character would give a description of the syntomic regulator for X solely in terms of the generic fibre X K . It is expected that such a description exists as explained by Besser in his talk [8] .
From the Theorem we also get the following corollary:
Corollary. Assume that X/R is smooth and projective. Then
commutes.
Here r p is theétale p-adic regulator and exp is the Bloch-Kato exponential map of the p-adic Gal(K/K)-representation H 2n−i−1 et (X K , Q p (n)). This corollary may be seen as a generalization of the main result of Huber-Kings [27, Theorem 1.3.2] which is the case X = Spec(R) and amounts to the commutativity of
exp y y to all smooth, projective R-schemes (see our Corollary 5.25).
A result related to ours is proven by Chiarellotto, Ciccioni, and Mazzari in [12] . They provide an alternative construction of the rigid syntomic regulator in terms of higher Chow groups and syntomic cycle classes. A key step in their construction is the compatibility of the de Rham and rigid cycle classes under the specialization map from de Rham cohomology of the generic fibre to rigid cohomology of the special fibre, whereas our result in some sense rests on the compatibility of topological and rigid Chern classes.
Let us describe the contents of this paper in more detail. The key ingredient that enables us to compare the relative Chern character and the rigid syntomic regulator is a new description of the former one in Section 4 which is similar to the construction of Chern class maps on higher K-groups by Beilinson [3] , Huber [26] , and Besser [7] . This is made possible by the nice functorial complexes of Besser [7] and Chiarellotto-Ciccioni-Mazzari [12] . Their construction is recalled in Section 3 with some simplifications coming from the systematic use of Große-Klönne's dagger spaces [21, 22] , the necessary background from rigid resp. "dagger" geometry is collected in Section 1. In Section 2 we recall Karoubi and Villamayor's definition of topological K-theory for ultrametric Banach rings [32, 11] and extend it to smooth, separated R-schemes. The main comparison theorem and its applications are proven in Section 5. Finally, in Section 6 we recall Karoubi's original construction of the relative Chern character and show that it is consistent with that of Section 4.
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Notation. For p ∈ N 0 = {0, 
Preliminaries on rigid geometry
In the definition of rigid cohomology one usually works with rigid analytic spaces and their de Rham cohomology. However, as de Rham cohomology is not very well behaved for rigid spaces one has to introduce some overconvergence condition. An elegant approach to do this is to replace rigid spaces by Große-Klönne's dagger spaces [21, 22] . We recall some basic definitions and facts which will be needed in the rest of the paper.
Let R be a complete discrete valuation ring with field of fractions K of characteristic 0 and residue field k of characteristic p > 0. Fix an absolute value | . | on K.
(Rings
by R x † the sub-R-algebra of overconvergent power series with R-coefficients. A K-(resp. R-)dagger algebra is a quotient of some K x † (resp. R x † ). The algebra of overconvergent power series carries the Gauß norm | ν a ν x ν | = sup ν |a ν |. Its completion with respect to this norm is the Tate algebra of convergent
is R x . Quotients of these are called K-(resp. R-)affinoid. These are Banach algebras. If A = R[x]/I is an R-algebra of finite type its weak completion is the R-dagger algebra A † := R x † /IR x † . Similarly, we have the weak completion of K-algebras of finite type.
The categories of R-resp. K-dagger and affinoid algebras admit tensor products. E.g. if A = R x † /I and B = R y † /J are R-dagger algebras their tensor product is given by A ⊗ † R B = R x, y † /(I + J).
(Spaces)
. We only sketch the main points here, referring the reader to [21, 22] for details. Similarly as one defines rigid analytic spaces that are locally isomorphic to max-spectra of K-affinoid algebras with a certain Grothendieck topology, dagger spaces are defined by taking the max-spectra Sp(A) of K-dagger algebras A as building blocks [22, 2.12] . For any dagger space X one has an associated rigid space X rig and the natural map of G-ringed spaces X rig → X is an isomorphism on the underlying G-topological spaces ("completion of the structure sheaf") [22, 2.19] .
There exists a dagger analytification functor X → X † from the category of K-schemes of finite type to the category of K-dagger spaces. There is a natural morphism of locally G-ringed spaces X † ι − → X which is final for morphisms from dagger spaces to X [22, 3.3] .
We also need the notion of weak formal schemes ([21, Ch. 3] and originally [33] ). Let A be an R-dagger algebra and
f ∈ A lifts f ∈ A defines a sheaf of local rings on the topological space Spec(A). The corresponding locally ringed space is the weak formal R-scheme Spwf(A). A general weak formal R-scheme is a locally ringed space that is locally isomorphic to some Spwf(A).
Sending Spwf(A) for an R-dagger algebra A to Sp(A ⊗ R K) induces the generic fibre functor X → X K from weak formal R-schemes to K-dagger spaces and there is a natural specialization map sp :
Taking the weak completion of finitely generated R-algebras induces the functor X →X from R-schemes of finite type to weak formal R-schemes. There is a natural morphism of dagger spaces from the generic fibre of the weak completion of X, X K , to the dagger analytification X † K of the generic fibre X K of X. This is an open immersion if X is separated and an isomorphism if X is proper over R(cf.
2. Preliminaries on K-theory 2.1. Let A be an ultrametric Banach ring with norm | . |, e.g. an affinoid algebra.
In [32] Karoubi and Villamayor introduce K-groups of A that we will denote by K −i top (A), i ≥ 1, which were further studied by Calvo [11] . A convenient way to define them is the following: Set
and A n := A x 0 , . . . , x n /( i x i − 1). Then [n] → A n becomes a simplicial ring in a natural way and hence B • GL(A • ) is a bisimplicial set. Abusing notation, we denote its diagonal simplicial set by the same symbol. We define
That this definition coincides with the original one in [32, 11] follows from an argument of Anderson [2, Theorem 1.6] (cf. [40, Proposition 7.3] ).
For our purposes it is important to know that one can compute the K-theory of affinoid algebras using dagger algebras. More precisely, let R be a complete discrete valuation ring with field of fractions K of characteristic 0 and residue field k of characteristic p > 0 as before. We define the simplicial ring R †
• by R † n = R x 0 , . . . , x n † /( i x i − 1) with the obvious structure maps. For any R-dagger
• (cf. 1.1) and define topological K-groups by
Calvo's techniques we have shown in [40, Proposition 7.5 ] that these agree with the Karoubi-Villamayor K-groups of the completionÂ of A:
Now let X = Spec(A) be an affine scheme of finite type over R. Definition 2.2. We define the topological K-groups of X to be the K-groups of the (weak) completion of A:
Let Z ∞ be Bousfield and Kan's integral completion functor [10] . Then the algebraic K-groups of X are given by
1 and define the relative K-groups of X as
(i) There are long exact sequences
• ) is a fibration of simplicial sets with contractible total space. This is preserved by the integral completion functor [10, I 4.2] , hence F (A) is weakly homotopy equivalent to the homotopy fibre of the natural map (ii) By construction we have cartesian squares
and
• ) are both weak equivalences, so is the map from the fibre of p to that of Z ∞ p. Hence the same is true for the map from the fibre of the fibration F (A) → B • GL(A) to that of F (A) → Z ∞ B • GL(A). Moreover, the map of base spaces B • GL(A) → Z ∞ B • GL(A) is acyclic, and hence a comparison of the associated Serre spectral sequences yields that F (A) → F (A) induces an isomorphism in integral homology, whence the claim.
We extend the definition of topological and relative K-theory to smooth, separated R-schemes X of finite type as follows. According to [26, Proposition 18.1.5] we have isomorphisms
where U • → X runs through all finite affine open coverings of X viewed as simplicial schemes. In analogy to (2.5) we define
is naturally a bisimplicial set and here we also write F (A) for its diagonal simplicial set. Later on we will also have to use the bisimplicial structure and then refer to the diagonal explicitly by diag F (A). 2 Huber uses Tot instead of holim ∆ . From her proof it is clear that the result holds with holim.
) is the algebraic standard simplex over R and∆ the associated weak formal scheme so that if U = Spec(A) thenÛ
Lemma 2.6.
(i) If X = Spec(A) is affine and smooth over R these definitions coincide with the earlier ones.
(ii) There are long exact sequences
Proof. (i) We use the following fact due to Calvo [11] : Let π be a uniformizer of R and B be an R-dagger algebra such that B/πB is regular. Then the reduction B → B/πB induces isomorphisms K −i top (B) → K i (B/πB) for all i > 0. In particular, for a smooth affine R-scheme U we get weak equivalences
Since holim preserves weak equivalences between fibrant simplicial sets, for any open affine covering U • → X viewed as simplicial scheme we get weak equivalences
Taking π i and the limit over all finite affine coverings yields isomorphisms
which is (i) for K − * top . Using the five lemma the result for K rel * follows from this, (2.5) again, and (ii).
(ii) follows from Lemma 2.4 and the fact that holim preserves homotopy fibrations of fibrant simplicial sets [42, Lemma 5.12 ].
Preliminaries on functorial complexes
For our construction of the relative Chern character we need functorial complexes computing the different cohomology theories involved. The main work has been done before by Huber [26] , Besser [7] , and Chiarellotto-Ciccioni-Mazzari [12] . The only difference in our approach is the systematic use of dagger spaces also initiated by Huber and Kings [27] which simplifies the construction of the rigid and syntomic complexes.
(Godement resolutions)
. We recall some facts on Godement resolutions (see [12, Sections 3 and 4] for more details and references). To a morphism of sites u : P → X and an abelian sheaf F on X one associates a cosimplicial sheaf [p] → (u * u * ) p+1 F on X where the structure maps are induced by the unit and the counit of the adjoint pair (u * , u * ) between the categories of abelian sheaves on P and X. The associated complex of sheaves on X will be denoted by Gd P F. There is a canonical augmentation F → Gd P F which is a quasi-isomorphism if u * is exact and conservative (e.g. [28, Lemma 3.4 
.1]).
We want to use this in the situation where P is a certain set of points of (the topos associated with) X with the discrete topology. The first case is that of a scheme X. Here we take P = P t(X) to be the set of all points of the underlying topological space of X. Then u * is given by F → x∈X F x which is exact and conservative and F ∼ − → Gd P t(X) F is the usual Godement resolution. The second case is that of a dagger space X. Here it is not enough to take just the usual points of X. Instead, one has to use the set of prime filters on X (introduced in [43] ) as alluded to in [7] and carried out in [12, Section 3] . We take P = P t(X) to be the set of prime filters ([12, Definition 3.6]) on the rigid space X rig associated with X with the discrete topology. Then there are morphisms of
Since ι is the identity on underlying G-topological spaces we get from [12, Lemma 3.8] that ξ −1 ι −1 is exact and conservative. Hence for any abelian sheaf F on X the augmentation F → Gd P t(X) X is a quasi-isomorphism.
It is important to note that in both cases the complex Gd P F consists of flabby sheaves. This follows automatically since on a discrete site every sheaf is flabby and direct images of flabby sheaves are flabby.
More generally, if F * is a complex of abelian sheaves on X we can apply Gd P to each component to get a double complex. We then denote by Gd P F * its associated total complex. It follows from a simple spectral sequence argument that the induced morphism F * → Gd P F * is a quasi-isomorphism. An important feature of the Godement resolution is their functorial behavior: If
is a commutative diagram of sites, and F (resp. G) is a sheaf on X (resp. Y ), then a morphism F → f * G induces a morphism Gd P F → f * Gd Q G compatible with the augmentations [12, Lemma 3.2].
(Analytic de Rham cohomology)
. Let X be a smooth K-dagger space. There is a notion of differential forms on X (cf. [22, §4] 
degenerates at E 1 and the induced filtration H * dR (X/K) is independent from the choice of X. It is given by
(≥ n denoting the naive truncation).
Since the good compactifications of X form a directed set with respect to inclusion and taking the colimit along a directed set is exact, to get functorial complexes computing algebraic de Rham cohomology together with its Hodge filtration we could take the colimit of the Γ(X, Gd P t(X) Ω * X/K (log D)) along the system of good compactifications X of X. However, for the comparison with analytic de Rham cohomology it is technically easier to use the following variant (see [12, Proposition 4.9] ): Let X † be the dagger analytification of X (cf. 1.2) and P t(X † ) as in 3.1, P t(X) the usual set of points of the good compactification X of X. We can form the disjoint sum P t(X † ) P t(X) viewed as site with the discrete topology to get a commutative diagram of sites
On the other hand, there are natural morphisms of complexes of sheaves
Thus we are led to define
where the limit runs over the directed set of good compactifications of X. It follows from the discussion above that there are natural isomorphisms
, and (3.5) induces natural comparison maps
Construction of the relative Chern character
Now let X be a smooth, separated R-scheme. Then we have its generic fibre X K with dagger analytification X † K , and its weak completionX with generic fibreX K , related by the following morphisms of locally G-ringed spaceŝ
In particular, we have morphisms of complexes
Definition 4.2. We define functorial complexes
and relative cohomology groups H *
The goal of this section is to construct relative Chern character maps which will be homomorphisms ch
Remark 4.3. In the present case of a smooth R-scheme X, the de Rham cohomology ofX K is just the rigid cohomology of the special fibre X k . Hence the relative cohomology groups sit in exact sequences
Similarly, a cosimplicial abelian group gives rise to a cohomological complex.
If
. is a cohomological complex we also consider it as a homological complex by reindexing C n := C −n . Now assume given a category C and a presheaf F on C with values in cohomological complexes, e.g. one of our functorial complexes above. If Y • is a simplicial object in C , we get the cosimplicial cohomological complex [p] → F (Y p ) and define F (Y • ) to be its associated total complex:
(so we take the simplicial degree to be the horizontal coordinate). The differential in bidegree (p, q) is given by
• is a cosimplicial object in C we get a cohomological double complex in the left half plane which in bidegree (p, q) is given by
. Finally, if F and G are cohomological complexes we define the homological complex Hom(F, G) which in degree n is given by p Hom(
In the following we will mainly work with complexes of K-vector spaces where K is a field. Since any object in the category of K-vector spaces is injective, the complex Hom(F, G) represents R Hom(F, G) in the derived category and, in particular, respects quasi-isomorphisms. Let X = Spec(A) be a smooth, affine R-scheme and recall the bisimplicial set
Lemma 4.5. There are natural maps of bisimplicial sets
Remark. Strictly speaking, GL is only an ind-variety and by notations like Hom(X, B • GL) we always mean the direct limit lim − →r Hom(X, B • GL r ). In the argument one may restrict to a finite level GL r .
Proof of the lemma. This follows from the following observation: A r × r-matrix with coefficients in A † p is given by a morphism of R-algebras R[
In the following, we define the functorial complexes of K-vector spaces RΓ ? ( . ) for the simplicial ind-variety
The cohomology of these complexes is determined easily from the exact sequences
In fact, for all cohomology theories appearing in this paper the cohomology in a fixed degree of B • GL N becomes stable, hence the lim 1 term vanishes and the cohomology of RΓ ? (B • GL) is the expected projective limit.
Lemma 4.6. There is a natural map of complexes
Proof. A (p, q)-bisimplex in the bisimplicial set Hom(. . . ) × Hom(. . . ) on the left hand side is a pair (f, g) where f :
hence an element of total degree p + q in the Hom-complex of the right hand side which we simply denote by (f, g) * . In order to get a morphism of complexes we have to introduce a sign and set
We check the compatibility with the differentials. So start with (f, g) as above.
) where the horizontal and vertical differentials are given by
To simplify notation, abbreviate the two cone complexes appearing inside the Hom by C(B • GL) and C(X × ∆ • ), respectively. Note that these are itself the total complexes associated with a double complex. Now for any k the component of the
where d v denotes the vertical differential in the complexes C(?).
so that (−1) q(q−1)/2 times the sum of (4.9) and (4.10) is
which equals (4.8) since
(mod 2).
The next lemma we need is:
The same is true for any functorial complex with homotopy invariant cohomology in the appropriate sense. 
We have now achieved the following: For any smooth, affine R-scheme U = Spec(A) we have natural maps (4.13) diag F (A)
Lemma 4.11
which we abbreviate symbollically by
Remark 4.15. This is already enough to construct the relative Chern character for affine schemes. One could then use Jouanolou's trick to extend this construction to non-affine schemes. However, we use a more intrinsic but also more technical approach following Huber [26] and originally Beilinson [3] . 
• be any cosimplicial simplicial abelian group. Since a cosimplicial simplicial abelian group is always fibrant as a cosimplicial simplicial set the natural map Tot A → holim ∆ A is a weak equivalence, where here Tot is Bousfield and Kan's total space of a cosimplicial space [10, Ch. X, 3.2, 4.10; Ch. XI, 4.4]. We can associate a homological double complex in the fourth quadrant to A in different ways: We write C * * A for the double complex with C p,−q A = A q p where the horizontal differential is given by the alternating sum of the simplicial boundary maps, the vertical differential by the alternating sum of the coboundary maps. On the other hand we also have the double normalization N * * A given explicitely by
. This is a direct summand of C * * A (cf. [45, Lemma 8.3.7] ).
Denote by Tot N * * A the direct product total complex given in degree n by p≥0 N p,n−p A and let τ ≥0 be the canonical truncation functor so that τ ≥0 Tot N * * A → Tot N * * A induces an isomorphism in homology in non negative degrees. Denoting by C * Tot A the complex associated with the simplicial abelian group Tot A, there exists a natural quasiisomorphism
Thus, for a simplicial smooth, affine R-scheme U • (4.14) induces morphisms
Lemma 4.18. Let X be a smooth, separated R-scheme of finite type and U • → X an affine open covering, viewed as simplicial affine scheme. Then the natural augmentation 
and RΓ dR (?/K) is a functorial complex computing the hypercohomology of the complex Ω *
For F n RΓ dR (X K /K) we use an indirect argument: Again by cohomological descent, we have isomorphisms of Gal(
But this last map is induced by the morphisms of complexes 3 The perhaps a little bit artificial seeming truncation would be unnecessary if we worked with spectra instead of simplicial sets (cf. [42, 5.32] ).
which hence is a quasi-isomorphism, too.
4.19.
There is an isomorphisms of complexes Tot Hom(Cone(. . . ), RΓ rel (U • , n)) ∼ = Hom(Cone(. . . ), Tot RΓ rel (U • , n)). Similar as in Lemma 4.6 there are some signs involved. But since we do not need them, we omit the details.
Composing now (4.17) with this quasi-isomorphism and with
we finally get natural morphisms
Taking π i and then the direct limit over all affine open coverings of X this induces natural morphisms
Lemma 4.22. The natural map
Proof. This follows from the long exact sequence for the cohomology of a cone together with the fact that 
which is mapped to the universal n-th de Rham Chern class c
Remark. We let ch
n is mapped to ch dR n . This is not the degree 2n part of the usual Chern character. They rather differ by a sum of decomposable classes. But since the Hurewicz maps higher K-groups to the primitive part of homology and any decomposable class induces the zero map on primitive elements both induce the same map on higher K-groups (see e.g. [38, p. 23] ). 
and by the degeneration of the Hodge-de Rham spectral sequence [17] the relative Chern character is a homomorphism ch rel n,i :
Comparison with the rigid syntomic regulator
The main technical problem in the construction of the rigid syntomic regulator is the construction of functorial complexes computing rigid and rigid syntomic cohomology. This was solved by Besser [7] . An alternative construction of the regulator using cycle classes and higher Chow groups instead of K-theory is given in [12] . We recall Besser's construction with some improvements from [12] . As in [27] the systematic use of dagger spaces simplifies the construction a little bit.
Let R be as before and assume moreover that the residue field k of R is perfect.
Rigid cohomology.
We consider the category of separated schemes of finite type over k which admit a closed immersion in a flat weakly formal R-scheme Y with smooth special fibre Y k . This category contains all quasiprojective k-schemes (X is a locally closed subscheme of some P n k , hence also of the weakly formal schemê P n R , therefore a closed subscheme of an open subscheme of the latter). If X k is the special fibre of a smooth R-scheme X of finite type, we can take the canonical closed immersion of X k in the weak completionX of X.
Let X be a k-scheme and choose an embedding X → Y as above. The rigid cohomology of X with coefficients in K is by definition the de Rham cohomology of the tube ]X[ Y := sp 
This complex is functorial only in the pair (X, Y ). To obtain complexes functorial in the k-scheme X we proceed as in [7, §4] . Define the category of rigid pairs RP: Objects are pairs (X, j : X → Y ) where X and j are as above. We will often abbreviate such a pair as (X, Y ).
commutes. The category RP substitutes Besser's category RT of rigid triples. Note that there is a natural functor {smooth, separated R-schemes of finite type} → RP taking X to the pair (X k ,X).
With this replacement Besser's construction goes through word by word and yields the following (i) There exists a functor from the category of schemes X over k as above to the category Compl K of complexes of K-vector spaces
and σ is the Frobenius on K 0 , there exists a natural σ-semilinear
with RP-functorial quasi-isomorphisms
5.2. Rigid syntomic cohomology.
First of all, recall the quasi-pullback of a diagram of complexes
which is commutative up to canonical homotopy. If f is a quasi-isomorphism, so is f . 5.3. Let X be a smooth, separated R-scheme of finite type. Then ]X k [X =X K ⊆ X † K and we have natural maps of complexes, functorial in X,
Define F n RΓ dR (X/K) to be the quasi-pullback of the left two arrows above, a complex quasi-isomorphic to F n RΓ dR (X K /K) which admits natural maps
On RΓ rig (X k /K 0 ) we have the Frobenius φ and we can consider the natural maps
We define the intermediate complex Φ(n)(X k ) := Cone( (5.4)). This complex is functorial in the k-scheme X k and there are natural maps
Definition 5.6. We define the syntomic complex of X twisted by n
Its cohomology groups will be denoted by H * syn (X, n). These groups are in fact Q p -vector spaces.
Remark 5.7. Writing down the iterated cone construction explicitly one sees that RΓ syn (X, n) is isomorphic to the complex
where the map is given by (x, y) → ((1 − φ p n )x, x − y). From this one sees that the fundamental Proposition 6.3 of [7] also holds for our definition of rigid syntomic cohomology (cf. the proof of that proposition). Hence all further constructions of loc. cit. work equally well in our setting. In particular, there are natural maps
In fact, it is possible to construct a natural chain of quasi-isomorphisms connecting our version of the rigid syntomic complex with Besser's. But since we do not need this we omit the lengthy and technical details. 5.9. We recall the construction of the rigid syntomic regulator. By [7, Proposition 7.4 ] and the discussion following it there exists a class c syn n ∈ H 2n syn (B • GL R , n), the universal n-th syntomic Chern class, which is uniquely determined by the fact that it is mapped to the universal n-th de Rham Chern class in
Now let U = Spec(A) be a smooth, affine R-scheme. Similarly as in (4.14) we have natural maps
If X is any smooth, separated R-scheme and U • → X an open, affine covering, viewed as simplicial scheme, this gives natural maps
As in (4.21), taking π i and the direct limit over all affine coverings this induces a map
syn (X, n) which composed with the evaluation at ch syn n gives the syntomic regulator
syn (X, n).
The comparison.
Lemma 5.11. There is a natural map
It is an isomorphism if X is proper and * ∈ {2n, 2n + 1, 2n + 2}.
Proof. Consider the following diagram of complexes
The upper square commutes up to canonical homotopy (cf. 5.2), the lower square strictly commutes. This induces morphisms between the respective cones of the horizontal maps, the one pointing in the wrong direction being a quasi-isomorphism. The second statement follows from weight considerations as in the proof of [7, Proposition 8.6 ].
We can now formulate the main result of this paper: Theorem 5.13. Let X be a smooth, separated R-scheme of finite type. Then the diagram
Proof. To simplify notation we will, if there is no risk of confusion, use the following abbreviation for the cohomology of a cone of a morphism of complexes A → B:
The first step is to reduce to the case of an affine scheme. This simplifies the rest of the proof a lot. To do this we use Jouanolou's trick [44, Proposition 4.4] : Since X is regular, separated, noetherian there exists an affine vector bundle torsor W p − → X. Assuming the Theorem for W we can deduce it for X using naturality of all maps involved provided H * syn (X, n) → H * syn (W, n) is an isomorphism. But this is indeed the case: There exists a finite covering X = α∈A U α such that p −1 (U α ) → U α is isomorphic to some trivial vector bundle A r Uα → U α . Let U • → X be the simplicial scheme associated with this covering and denote by p
, n) are quasi-isomorphisms. On the other hand homotopy invariance of syntomic cohomology [12, Lemma
So now assume that X = Spec(A) is affine. Then we have the following simplified description of the relative Chern character: Applying π i to (4.14) gives a map
whose composition with the evaluation at ch rel n is the relative Chern character ch rel n,i . Similarly, applying π i to (5.10) and composing with the evaluation at ch syn n gives the syntomic regulator ch syn n,i :
Recall from (5.12) that the map from relative to syntomic cohomology is given by the composition
syn (X, n). We will prove the theorem by constructing the dotted arrows in the following diagram and show that every single piece of the diagram commutes:
(5.14)
We begin with the boxed left hand side of the diagram. The dotted arrow ch rel n,i is obtained as follows (cf. (4.13)): We have the chain of natural maps
Here the arrow ( * ) is defined as in Lemma 4.6 using the functoriality of the complexes F n RΓ dR and RΓ rig from 5.3. Applying π i to (5.15) gives (5.16)
Exactly as in Lemma 4.22 there is a natural isomorphism
and we define ch rel n in the first group to be the unique preimage of ch
is the composition of (5.16) with the evaluation at ch rel n . Using that by construction the relative Chern character ch rel n,i factors through
) and the commutativity of the diagram
it is easy to establish the commutativity of the left hand side of the diagram.
Next we come to the description of ch syn n,i . First of all we have the natural maps
Hur.
To make the connection with the relative Chern character we now have to view B • GL(A) as the diagonal of the bisimplicial set [p], [q] → B p GL(A) which is constant in vertical direction. Then again we have the Alexander Whitney map
A (p, q)-simplex in B • GL(A), i.e. a morphism f : X → B p GL, induces morphisms of complexes
As in Lemma 4.6 this induces
Applying π i to the composition of (5.17), (5.18), and (5.19) gives
and ch syn n,i is the composition of (5.20) with the evaluation at ch syn n .
To establish the commutativity of the right boxed part of diagram (5.14) consider the following diagram:
It is easy to check that the square commutes, whereas the triangle commutes on homology by Lemma 5.21 below. With this the commutativity of the right part of (5.14) follows directly from the constructions of ch syn n,i and ch syn n,i , respectively. So we are now reduced to show the commutativity of the top square in (5.14). To do this, we have to look at this part in more detail. Consider the big diagram on page 23 and assume for a moment that we already established its commutativity (up to homotopy). Taking homotopy (resp. homology) groups and identifying
syn (X, n) this then gives a commutative diagram
and, by construction, the composition of the upper horizontal map with the evaluation at ch syn n is ch syn n,i and the composition of the lower horzontal map with the evaluation at ch rel n is ch rel n,i . So to deduce the assertion of the Theorem we have to prove that ch
. But this is indeed the case since all three groups are naturally isomorphic to 
Z∞B• GL(A)
Z diag
For the lower left part we start with a (p, q)-simplex (f,ĝ) in Hom(X,
. The image of (f,ĝ) in the respective Hom-complexes is (up to sign) given by the pullback maps induced by f ,ĝ, and g k , on the various cones. Now the pullback on the first component of the cone is in all cases given by f * :
Hence we can restrict our attention to the second component of the cones. Then the commutativity will follow if the diagram
commutes. But this is indeed the case as follows from the functorial properties of the complexes (cf. Proposition 5.1 (ii) and (5.5)). Similarly one sees that the lower right square of the diagram on page 23 commutes. This concludes the proof of the Theorem. 5.4. Applications. In this whole section we assume that the residue field k of R is finite.
Let X be a smooth and proper R-scheme. Then theétale Chern character class induces a map ché t n,i :
. It follows from the crystalline Weil conjectures [13] and Faltings' crystalline comparison theorem [18] that H 2n−í et
where K denotes an algebraic closure of K and G K = Gal(K/K). Hence the Hochschild-Serre spectral sequence for X K → X K induces an edge morphism H From the previous corollary together with our earlier work [39, 40] , we also get a new proof of the main result of [27] : Huber and Kings introduce the p-adic Borel regulator r Bo,p : K 2n−1 (R) → K by imitating the construction of the classical Borel regulator for the field of complex numbers, replacing the van Est isomorphism by the Lazard isomorphism.
Corollary 5.25 ). Let K be a finite extension of Q p . The diagram
Remark. The factor (−1) n (n−1)! appears since Huber and Kings use Chern classes in the normalization of both, theétale and the p-adic Borel regulator, whereas we used Chern character classes in the definition of theétale regulator.
Proof. Apply the previous corollary with X = Spec(R), i = 2n − 1. By Calvo's Theorem [11] 
Since k is a finite field, its K-groups in positive degrees are finite by Quillen's computations [37] . Hence K rel 2n−1 (R) → K 2n−1 (R) is rationally an isomorphism. In Theorem 6.15 we will show that the present version of the relative Chern character coincides with Karoubi's original construction. For this we showed in [40, Corollary 7.23 ] that the diagram
Comparison with Karoubi's original construction
In this section we compare our version of the relative Chern character with Karoubi's original construction [30, 31] in the form of [40] . For any smooth, affine R-scheme X = Spec(A) this is a homomorphism
We recall the main steps in its construction.
, φ ∆ , φ X denoting the induced (co)simplicial structure maps. We will often denote ω p by ω| Yp×∆ I : 6.3. Let X be any smooth, affine R-scheme with generic fibre X K . Recall the definition of the de Rham complexes F n RΓ dR (X K /K) from (3.6). Similarly as in (3.5), (3.7) there is a natural map
where the complex on the right computes the hypercohomology of Ω ≥n X K /K on X K . Since X K is affine the sheaves Ω i X K /K are acyclic and hence the natural augmentation
is a quasi-isomorphism. Composing (6.4), (6.5) , and the natural map Γ(
) we get a natural chain of morphisms (the arrow pointing in the wrong direction being a quasiisomorphism)
If Y • is simplicial smooth, affine R-scheme this together with the quasi-isomorphism I (6.2) gives a natural chain of morphisms
We apply (6.7) for B • GL to get a map (6.8)
Similarly as in Lemma 4.22 there is an isomorphism
and we define (6.9) ch
to be the unique element that maps to the image of ch
Remark. Originally Karoubi used Chern-Weil theory to construct the relevant characteristic classes. This is the reason for the use of the dga
One advantage is that it gives more explicit formulas for the relative Chern character. For instance, these are used for the comparison theorem in [39] and also in the work of Choo and Snaith [14] . However, it was checked in [40, Proposition 5.13 ] that the present approach yields the same classes as the Chern-Weil theoretic one.
6.10. Let X = Spec(A) be a smooth, affine R-scheme. Karoubi's relative Chern character ch Kar n,i is the composition of the Hurewicz map 
.5). By construction ch
Kar n is given by a pair of a simplicial 2n-form on B •Ĝ L K and a simplicial 2n − 1-form on E •Ĝ L K . The second of the above diagrams makes it clear that when we restrict both forms to the component in simplicial degree i and then pull them back toX
. One checks that this construction induces a well defined homomorphism (6.11)
and by definition Karoubi's relative Chern character is the composition
To compare this with our version of the relative Chern character we need the following Lemma 6.13. Let X be a smooth, affine R-scheme. There is a natural map (6.14)
Proof. By definition H * rel (X, n) is the cohomology of Cone(F n RΓ dR (X K /K) → RΓ dR (X K /K)). Since X is affine we have the natural chain of morphisms (6.6) F n RΓ dR (X K /K) → ∼ ← − Ω ≥n (X K ) and similarly RΓ dR (X K /K) ∼ ← − Ω * (X K ). These together induce the desired chain of maps Proof. Since X = Spec(A) is supposed to be affine we have the simplified description of the relative Chern character ch rel n,i as in the proof of Theorem 5.13. We again use the simplified notation for the cohomology of a cone.
It is easy to see that the composition 
As in Lemma 6.13 (6.6) induces a natural map
and (6.16 ) is the composition of the Hurewicz map, the Alexander-Whitney map, (6.17) , and the evaluation at the image of ch 
commutes. This will be done using explicit inverses of the two horizontal isomorphisms. 
Proof. The integration map is obviously left inverse to the inclusion of Ω * (X K )
as the zeroth column in the double complex Ω * (X K ×∆
• K ). So we only have to check that the integration indeed defines a morphism of complexes. This is straight forward using the following relative version of Stokes' formula To show the commutativity of diagram (6.19) we start with a bisimplex σ ∈ F (A) p,i−p so that the degree of σ in Tot ZF (A) is i. First we compute its image in Cone(Ω ≥n (X K ) → Ω * (X K )) going counterclockwise. As before, σ is given by a commutative diagramX 
The component of I(ch
Note that there is no sign because the signs introduced via (6.17) (cf. (4.7)) and the integration map of Lemma 6.20 cancel out. Next we compute the image of σ going through diagram (6.19) clockwise. To do this, we use the following description of a quasi-inverse of the Alexander-Whitney map (cf. [45, 8.5.4 
]):
Recall that a (p, i − p) shuffle µ is a permutation of {1, 2, . . . , i} such that µ(1) < µ(2) < · · · < µ(p) and µ(p + 1) < · · · < µ(i). Thus, to complete the proof we have to show that
